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1 Problem

� Given:

. Set of operations to be

exe
uted on 
hemi
al produ
tion plant

. Plant operated in 
ontinuous produ
tion mode

. Operations exe
uted on pro
essing units 
ontrolled by operators

. Intermediate produ
ts bu�ered in storage fa
ilities of �nite 
apa
ity

. Safety sto
k for storable intermediate produ
ts

. Minimum and maximum time lags between operations

� Sought:

. Feasible s
hedule minimizing some 
onvex obje
tive fun
tion
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2 Model

� Notations

. O: Set of operations i = 1; : : : ; n with pro
essing time p

i

. C: Set of 
umulative resour
es k with safety sto
k R

k

and 
apa
ity R

k

. r

ik

: In
rease in inventory level of k after 
ompletion of i

. Æ

ij

: Time lag between linked operations (i; j) 2 E

. S = (S

1

; : : : ; S

n

): Produ
tion s
hedule

. x

i

(S; t): Portion of operation i 2 O pro
essed by time t

. r

k

(S; t) =

P

i2O

r

ik

x

i

(S; t): Inventory in resour
e k 2 C at time t

. f : IR

n
�0

! IR: Convex obje
tive fun
tion in start times S

i

(i 2 O)

�Model

8
>
>
>
>
>
<
>
>
>
>
>
:

Minimize f(S)

subje
t to R

k

� r

k

(S; t) � R

k

(k 2 C; t � 0)

S

j

� S

i

� Æ

ij

((i; j) 2 E)

S

i

� 0 (i 2 O)
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3 Solution Method

� S
heduling is . . .

. de�ning pre
eden
e relationships between operations 
ompeting for s
ar
e resour
es

(Sequen
ing: hard)

. optimizing obje
tive fun
tion subje
t to pres
ribed time lags and established pre
e-

den
e relationships (Temporal s
heduling: tra
table)

� Solution method
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Cumulative resour
es in 
ontinuous mode: An example

� Given:

. Operations i = 1; 2; 3 replenishing/depleting


umulative resour
e at 
onstant rates

. p

1

= 3, r

1

= 2, S

1

= 0

. p

2

= p

3

= 2, r

2

= r

3

= �1

� Sought: Start times S

2

and S

3

su
h that

. inventory permanently nonnegative (R = 0, R =1)

. makespan C

max

= max

i2O

(S

i

+ p

i

) minimum

� Relaxation:

. Disregard resour
e 
onstraints

. Earliest s
hedule S = (0; 0; 0)

. Inventory falls below safety sto
k

1

2
3

-

6

t

r(S; t)

1 2 3

P

P

P

P

P

P

P

P

P

P

P

P�

�

�

�

�

�
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Settling inventory shortage at time t

. Sele
t operations settling the shortage

. Optimize simultaneous displa
ements under resour
e 
onstraints

� Partition O

k

:= fj 2 O j r

jk

6= 0g into two sets A and B

� Set A

. Operations j 2 O

�

k

:= fj 2 O

k

j r

jk

< 0g have to be 
ompleted by deadline t

. Operations j 2 O

+

k

:= fj 2 O

k

j r

jk

> 0g are released at ready time t

S

j

+ p

j

� t (j 2 A \ O

�

k

)

S

j

� t (j 2 A \ O

+

k

)

)

(1)

� Inventory shortage at time t 
aused by operations j 2 A: R

k

�

P

j2A\O

�

k

r

jk
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� Set B

. Operations j 2 O

�

k


annot be 
ompleted before time t

. Operations j 2 O

+

k

must not be started after time t

. S
hedule operations j 2 B su
h that net produ
tion not less than shortage by A:

X

j2B

r

jk

x

j

(S; t) � R

k

�

X

j2A\O

�

k

r

jk

. Introdu
e de
ision variables x

j

:

0 � x

j

� 1 (j 2 B) (2)

X

j2B

r

jk

x

j

� R

k

�

X

j2A\O

�

k

r

jk

(3)

S

j

+ p

j

x

j

� t (j 2 B \ O

�

k

)

S

j

+ p

j

x

j

� t (j 2 B \ O

+

k

)

)

(4)
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� Finiteness of solution method

. Constraints (1) to (4) de�nitively settle inventory shortage at time t

. There exists i 2 O

+

k

with r

k

(S; S

i

) < R

k

or i 2 O

�

k

with r

k

(S; S

i

+ p

i

) < R

k

. Constant t in inequalities (1) and (4) 
an be repla
ed with de
ision variable S

i

(+p

i

)

. All shortages settled after n iterations

� Case of inventory ex
ess

. Inter
hange sets O

�

k

and O

+

k

in inequalities (1) and (4)

. Repla
e (3) with

X

j2B

r

jk

x

j

� R

k

�

X

j2A\O

+

k

r

jk

(3

0

)

. Feasible s
hedule after 2n iterations
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Example (
td.)

1

2
3

-

6

t

r(S; t)

1 2 3

P

P

P

P

P

P

P

P

P�

�

�

�

�

i = 3; t = S

i

+ p

i

A = f3g; B = f1; 2g

Minimize max(3; S

2

+ 2; S

3

+ 2)

subje
t to S

2

� S

3

+ 2x

2

� 2

�S

3

+ 3x

1

� 2

�x

2

+ 2x

1

� 1

0 � x

1

� 1; 0 � x

2

� 1

-

6

S

2

S

3

1:00

1:33

1:00 1:33

r

P

P

P

P

P

P

P

P

B

B

B

B

B

B

B

B
�

�

�

�

�

�

�

�

Optimal solution:

x

1

= 1; x

2

= 1; S

2

= 1; S

3

= 1

1

2
3

-

6

t

r(S; t)

1 2 3

�

�

�

�

�

P

P

P

P

P

P

P

P

P
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4 Implementationary Issues

� Enumeration of partitions fA;Bg for given inventory shortage

. Binary tree, ea
h level belongs to one j 2 O

k

. For ea
h j 2 O

k

bran
h over j 2 A or j 2 B

. Leaves of tree are partitions fA;Bg

. In ea
h node solve temporal s
heduling problem with relaxation

X

j2B

r

jk

x

j

� R

k

�

X

j2A\O

�

k

r

jk

�

X

j2O

+

k

nAnB

r

jk

(3

00

)

of (3) by some dual method

. Stop bran
hing as soon as 
on
i
t is settled in resulting s
hedule S

. Resume bran
hing if 
on
i
t reappears later on

� Binary bran
h-and-bound tree of height O(n

2

)
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5 Con
lusions

� Storage problems in pro
ess s
heduling

. Storage 
apa
ity settings

. Storage homogeneity settings

. Storage time settings

� S
heduling 
ontinuous material 
ows

. Disregard resour
e 
onstraints

. Settle 
on
i
ts by partitioning sets of operations

. For given partition, repla
e resour
e 
onstraint by linear inequality

� Future Resear
h

. Development of eÆ
ient heuristi
s based on 
on
epts presented

. Integration of further 
onstraints like setup times or 
alendars


