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Problem formulation

@ Project consists of n activities i € V with durations p; € Z>g

@ Activities i/ use ry € Z>q units of renewable resources k € R with
capacities Rx € Z>g dJring their execution

o Each activity may be interrupted at any point in time

@ For activity pairs (i, ) € E, generalized precedence relationships
Aj = (&,&,9j5) are given: relative progress of activity j must not
exceed percentage & earlier than ;; time units after activity /
attained progress percentage &;

® Project duration is to be minimized
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Problem statement Generalized precedence relationships Descriptive model

Generalized precedence relationships

Relative progress of activity j must not exceed percentage ; earlier
than §;; time units after activity i attained progress percentage &;

Formal statement of Aj;=(&;,&;,0;) with 0 < & <land0<¢ <1

t' < min{t]x(t) =&} + 05 = x(t) < §
< xi(t') > & =t > min{t|x(t) = &} + 65
< inf{t|x;(t) > &} > min{t|x(t) = &} + dj
< max{t)x(t) = &} = min{t|x(t) = &} + 65
& (&) >t (&) + 95

@ Ordinary precedence constraints: Aj; = (1,0,0)
@ Completion-to-start minimum time lags: A; = (1,0, d;)

@ Maximum time lags: d;; < 0

Christoph Schwindt Clausthal University of Technology

Preemptive Project Scheduling with GPR's 5



PRCPSP/max Structural issues MILP formulation Column generation VND heuristic

Conclusions

Problem statement Generalized precedence relationships Descriptive model

Descriptive model

Define binary function

d+X,'
ilt) == pi
yi(t) = pi—p

(£) = 1,if 7 is in progress at time t
1 0, otherwise

Model for problem PS|pmtn, temp|Cmax
Minimize  GCnax
subject to  Cmax > t; (1) (i€ V)
(P)

Dievrnyi(t) SR (keR; t>0)
tH(&) > t7(&) + 05 ((i,J) € E)

o ) - = = ©acd
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Structural issues
Canonical form Number of slices

Canonical form of the problem

Without loss of generality we may assume that ...
o ... all generalized precedence relationships Aj; = (¢;,;, d;) are
specified as completion-to-start time lags A}, = (1,0, 0§°
pi&i pi(L—=¢&) pi& pi(1—¢)
: 0 - 0
N
5% =05

@ ... all completion-to-start time lags d7° are nonpositive
il pj

Pi 5 >0 P pi
@ — 1|
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Canonical form  Number of slices

Number of slices

Proposition

@ For any feasible instance of problem PS|pmtn, prec|Crnax there exists
an optimal schedule x with at most n slices of positive duration.

@ For any feasible instance of problem PS|pmtn, temp|Cnax in
canonical form there exists an optimal schedule x with at most
2n — 1 slices of positive duration.
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s MILP formulation

A new MILP formulation

MILP model for problem PS|pmtn, temp|Cpnax

Minimize  Cmax = ZSES Ps
subject to 0< ps — piAxis <p-(l—yis) (i€ V; seS)

0 < Axjs < yis (iEV;SES)
ZSES Axis =1 (I € V)
(MILP) Diev rik - Yis < R (keR; seS8)

S<Yuipr+d (l-ys) (i€ViseS)
@ Zzz/=1psl —a-(l—y,-s) (ie V; SES)

S > G+ ((1,J) € E)
vis € {0,1} (ieV; ses)
V.
@ y;s = 1: activity i executed in slice s @ S:: lower bound on start time of
@ ps: duration of slice s activity i
@ Axjs: increase in relative progress of @ C;: upper bound on completion
activity i in slice s (= % * Yis) time of activity i
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Computational results MILP model

Conclusions

@ PC with 3.16 GHz and 3 GB RAM operating under Windows XP
@ Model (MILP) coded under GAMS 23.7 invoking CPLEX 12.0 as MILP solver
@ Solver stopped after a time limit of 300 seconds

Performance of the MILP model for the KSD-30 instances

RS Pterm Popt Apmtn Anonp Anmé,’;p Pimp
0.2 10.0% 38.3% 25% —0.7% —8.8% 43.3%
0.5 38.3% 64.2% 0.9% -15% —6.9% 55.8 %
0.7 80.0 % 89.2% 0.4% —-0.7% —6.7% 26.7 %

1.0 100.0% 100.0 % 0.0% 0.0% 0.0% 0.0%
Total 57.1% 72.9% 0.9% —0.7% —8.8% 30.4 %
Performance of the MILP model for the UBO-10 instances
RS Popt Pinf Pfeas Punk Anonp A,TO'ZP Pimp #pmtn
0.0 20.0% 20.0% 46.7% 133% —0.8% —5.4% 16.7% 5.14
0.25 33.3% 6.7% 46.7% 133% —-22% —-167% 333% 5.50
0.5 56.7% 13.3% 30.0% 00% —-15% -109% 33.3% 5.54
Total 36.7% 13.3% 41.1% 89% —-15% —-16.7% 27.8% 5.41
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Continuous model
@ Consider all feasible antichains A € F
o Antichains A, A" € F ordered (A — A') if
o dijszOforsomeieA,jeA'or
o A= A" and A" — A’ for some A" € F
AA €D A+ A

@ D C F incompatibility set if [D| > 2 and A — A’, A" — A for all

(LPCC)

Linear program with incompatibility constraints
Minimize

Cmax = ZA PA
subject to > 4.ic A PA = Pi
(*)

(ieV)
HAGD pa =0
pa =0
o Model (LPCC)
Christoph Schwindt

(incompatibility sets D)
(AeF)
o exact for PS|pmtn, prec|Crax

Preemptive Project Scheduling with GPR's

o relaxation for PS|pmtn, temp|Crax
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Column generation

Lower and upper bounds

@ (LPCC) without constraints (x) is linear program (LP) with huge
number of decision variables

@ (LP) can be solved efficiently by column generation: lower bounds
@ Pricing problem corresponds to multi-dimensional knapsack problem

@ Generate feasible, locally optimal schedules for PS|pmtn, prec|Cmax
by maintaining condition (x) during pivoting: upper bounds
(method of Damay et al. 2007)

Performance of the column generation procedures
KSD-30 Aéft nit tepu Ag;ﬁ Pterm Popt Njt tepu
205% 73.0 11.9s|197% 49.4% 629% 76.2 23.7s
UBO-10 All;gt Njt tepu
3.03% 47.1 3.6s
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VND heuristic

Column generation and Variable Neighborhood Descent VND

@ Challenges in computing upper bounds via column generation when
project network is cyclic

o finding first feasible schedule is NP-hard
o checking feasibility of given basis is NP-complete
(transformation from 1|pmtn, temp|Cnax)

@ Generate first feasible schedule by dualizing precedence relationships
(7,/) with (5ij < 0 (dual model MILP)

@ Compute improving nonbasic antichain by solving model MILP(¥)
where binaries y;s can be modified for exactly £ =1 slice s

o MILP(?) results from MILP by adding two simple constraints
(1 _}A/is)'}/is'f')/}is' (1_}/is) <z (’ eV;se 8)
ZSES zs < ¢

@ Allowing for £ > 1: Variable Neighborhood Descent heuristic
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VND heuristic

Algorithm 1 Variable Neighborhood Descent

Input: instance of PS|pmtn, temp|Cpax, max. neighborhood dimension /
Output: feasible schedule

determine feasible schedule by solving dual MILP to optimality;
put £ := 1 and stop := false;
while — stop do

solve model MILP(¢);

if Cpax has been improved then put £ :=1;

elsif £ = co then stop := true;

else
put £:=/0+1;
if £ > 7 then put £ := oc;
end if
end while
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VND heuristic

Computational results VND

@ Maximum neighborhood dimension ¢ = 3
@ CPU time limits

o Dual model MILP: 300 seconds
o Neighborhood search models MILP(£): 30 seconds

Performance of VND heuristic for the UBO-10 instances
RS Popt Pinf Pfeas Punk Aponp njt tepu
0.0 200% 20.0% 60.0% 0.0% —-0.64% 7.8 71.7s
0.25 40.0% 10.0% 500% 0.0% —-1.74% 8.9 88.8s
0.5 500% 133% 36.7% 0.0% -126% 11.1 104.4s
Total 36.7% 144% 489% 0.0% —-159% 9.3 88.3s

All eight previously open instances solved to feasibility

Four of those instances infeasible when preemption is not allowed
44 % less CPU time than MILP model (158.2 seconds)

Slightly larger improvement on nonpreemptive solutions

o
o
o
o
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Conclusions

Summary and future work

Summary

@ Preemptive project scheduling with generalized precedence
relationships

@ Compact descriptive model and MILP formulation

@ Lower and upper bounds by column generation and VND heuristic

© Decomposition methods for larger instances of PS|pmtn, temp|Crax
@ Branch-and-bound algorithm for PS|pmtn, temp|Crax resolving
incompatibilities in solutions to LP relaxation of continuous model
Open questions:

@ Upper bound on number of preemptions (< (2n — 1) - [251]?)

@ Maximum rel. improvement by preemption (> 1 — m?)

[m] = =

A
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Ordinary precedence constraints

Alternative formulation of precedence relationships A;; = (1,0, 0)

(S| —s+1) ys <IS| —s+1- v (s€s)

Christoph Schwindt

Preemptive Project

& = =

Clausthal University of Technology

DA™

19



Conclusions

Strengthening the LP relaxation

Proportion variables

pilAxis > pidxis — pj- (1 —yis) (i, j € V:ii#))
Ps > & Vv rkPilxis (keR; s€d)

Tail- and head-based upper bounds

Cinax > 22':1 (Ps’ - piAXis’) + pi + qiYis (’ eV, se S)
Crax > riyis + pi + ZL-,SlS (ps’ - piAXis’) (’ eV; se S)

Disjunctive activities

Vis +Yis <1 (i,j €V :ru+rx> R forsome k e R; s € S)
Yvst+ys <1l (i,jeV:dF>0;s€S)
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