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1 Problem
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� Given:

. Set of operations

exe
uted on dedi
ated

pro
essing units

. Set of input and output

produ
ts depleted and

replenished in bat
h mode

. Input and output quantities for operations

. Storage fa
ilities of �nite 
apa
ity for sto
king produ
ts

. Initial sto
ks and pres
ribed safety sto
ks for produ
ts

. Minimum and maximum time lags between start times of operations

� Sought:

. Feasible produ
tion s
hedule minimizing some regular obje
tive fun
tion
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2 Model

� Notations

. O: Set of operations i = 0; 1; : : : ; n; n+ 1 with pro
essing times p

i

(p

0

= p

n+1

= 0)

. R: Set of storage resour
es k with safety sto
ks R

k

and storage 
apa
ities R

k

. r

ik

: In
rease in inventory level of resour
e k by exe
ution of operation i

. O

�

k

= fi 2 O j r

ik

< 0g, O

+

k

= fi 2 O j r

ik

> 0g: Sets of depleting and replenishing

operations for resour
e k

. Æ

ij

: Time lag between linked operations (i; j) 2 E � O �O, distan
es d

ij

. S = (S

0

; S

1

; : : : ; S

n+1

): Produ
tion s
hedule

. r

k

(S; t) =

P

i2O

�

k

:S

i

�t

r

ik

+

P

i2O

+

k

:S

i

+p

i

�t

r

ik

: Inventory in resour
e k at time t

. f : R

n+2

�0

! R : Regular obje
tive fun
tion in start times S

i

(i 2 O)

�Model

8
>
>
>
>
>
<
>
>
>
>
>
:

Minimize f(S)

subje
t to R

k

� r

k

(S; t) � R

k

(k 2 R; t � 0)

S

j

� S

i

� Æ

ij

((i; j) 2 E)

S

i

� 0 (i 2 O)
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3 Solution Methods

3.1 Bran
h-and-Bound

� S
heduling is . . .

. de�ning pre
eden
e relationships between operations 
ompeting for s
ar
e resour
es

(Sequen
ing: hard)

. optimizing obje
tive fun
tion subje
t to pres
ribed time lags and established pre
e-

den
e relationships (Temporal s
heduling: tra
table)

� Enumeration s
heme

�7HPSRUDO

�VFKHGXOLQJ

3UHFHGHQFH

UHODWLRQVKLSV

7HPSRUDO

FRQVWUDLQWV

�6HTXHQFLQJ
,QYHQWRU\

FRQVWUDLQWV

6FKHGXOH3UHFHGHQFH

UHODWLRQVKLSV

3UREOHP

6ROXWLRQV

5HOD[DWLRQ

)HDVLEOH

VFKHGXOH

%
D
F
N
WUD

F
N
LQ
J
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Resolving resour
e 
on
i
ts

� Inventory ex
ess at time t: r

k

(S; t) > R

k

-

t

6

R

k

r

k

(S; t)

S

j

+ p

j

S

i

r

jk

8
<

:

�

� r

ik

j

i

. Delay 
ompletion of some operation j 2 O

+

k

up to start of some operation i 2 O

�

k

. Pre
eden
e relationship S

j

+ p

j

� S

i

: Æ

ij

= �p

j

(maximum time lag)

� Inventory shortage at time t: r

k

(S; t) < R

k

. Delay start of some operation j 2 O

�

k

up to 
ompletion of some operation i 2 O

+

k

. Pre
eden
e relationship S

j

� S

i

+ p

i

: Æ

ij

= p

i

(minimum time lag)
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3.2 Priority-rule method

Why 
lassi
al priority-rule methods don't work

� Stepwise expand partial s
hedule by s
heduling one eligible operation in ea
h iteration

� Ma
hine s
heduling or proje
t s
heduling with renewable resour
es: partial s
hedules

are feasible

� S
heduling with storage resour
es:

. Material-availability 
onstraints and storage-
apa
ity 
onstraints

. Feasibility of partial s
hedules would require simultaneous s
heduling of several

operations

�

�
�

�

�

�

�
�

�

�

�

. Allow for infeasible partial s
hedules
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Two-phase approa
h

� Phase 1: S
heduling subje
t to material-availability 
onstraints

. Relax storage-
apa
ity 
onstraints

. Operation j eligible if

Æ all operations i 2 O with d

ij

� 0 and d

ji

< 0 have been s
heduled

Æ for resulting partial s
hedule, terminal inventories do not fall below safety sto
ks

. Sele
t some eligible a
tivity j

�

a

ording to priority indi
es �(j)

. S
hedule j

�

at time t

�

= minft � ES

j

�

j r

k

(S

C

; � ) + r

jk

� R

k

for k 2 R; � � tg

� Pegging by pre
eden
e relationships a

ording to FIFO strategy

. Iterate operations i 2 O

+

k

in order of nonde
reasing S

i

+ p

i

and allot output of

i 2 O

+

k

to operations j 2 O

�

k

in order of nonde
reasing S

j

. Introdu
e time lag Æ

ij

= p

i

between i 2 O

+

k

and j 2 O

�

k


onsuming output of i

� Phase 2: S
heduling subje
t to pre
eden
e and storage-
apa
ity 
onstraints

. Relax material-availability 
onstraints

. Pro
eed analogously to phase 1, repla
ing material-availability with storage-
apa
ity


onstraints
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Serial s
hedule-generation s
heme (phase 1)

u := 0;

2: S

0

:= 0, C := f0g;

for all i 2 O do (� initialize ES

i

and LS

i

�)

ES

i

:= d

0i

, LS

i

:= �d

i0

;

while C 6= O do

E := fj 2 O n C j Pred(j) � C;

P

i2C[fjg

r

ik

� R

k

for k 2 Rg;

if E = ; then terminate;

j

�

:= minfj 2 E j �(j) = ext

h2E

�(h)g;

t

�

:= minft � ES

j

�

j r

k

(S

C

; �) + r

j

�

k

� R

k

for k 2 R; � � tg;

if t

�

> LS

j

�

then (� uns
hedule and restart �)

u := u+ 1;

if u > u then terminate;

U := fi 2 C j LS

j

�

= S

i

� d

j

�

i

g;

for all i 2 U do d

0i

:= S

i

+ t

�

� LS

j

�

;

update distan
es d

ij

for all i; j 2 O and goto line 2;

else (� s
hedule j

�

at time t

�

�)

S

j

�

:= t

�

, C := C [ fj

�

g;

for all j 2 O n C do (� update ES

j

and LS

j

�)

ES

j

:= max(ES

j

; S

j

�

+ d

j

�

j

);

LS

j

:= min(LS

j

; S

j

�

� d

jj

�

);

return S;
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5 Con
lusions

� S
heduling with storage resour
es

. Operations 
onsuming input produ
ts and produ
ing output produ
ts

. Pres
ribed safety sto
ks and limited storage 
apa
ities for produ
ts

. Minimum and maximum time lags between operations

� Bran
h-and-bound method

. Relax inventory 
onstraints

. Bran
h over alternative pre
eden
e relationships resolving resour
e 
on
i
ts

� Priority-rule method

. Two-phase method

. Ensure material availability by pre
eden
e relationships

� Talk by Norbert Trautmann

. Renewable resour
es

. Sequen
e-dependent 
hangeover times on pro
essing units

. Performan
e analysis 
omparing priority-rule to bran
h-and-bound method


